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Abstract. The main aim of this work is the analysis of &dymamic optimization problem of external
heat application and estimation of the upper limhithe efficiency coefficient of the external constian
engine. For it (in contrast with the ramjet or heagjine) we have no an ideal cycle without losselseat
application is accompanied by inherent lossesetdkal pressure. So for estimation of the uppeit kive
are inevitably forced to analyse some idealizedngipation problem with an inviscid formulation that
takes into account this inherent loss. In the pageanalyse the optimization problem: (i) using lthear
approximation valid for thin bodies and small happlications, and (ii) in nonlinear formulation ngi
the original concept of heat application in the gteam with zero mass flux. Presented results
demonstrate that the upper level of the efficiecggfficient is rather small, but it grows with ieasing
of the flight Mach number. The nonlinear data dose to the linear results for small heat applaradi
and are lower at larger applications mainly duadditional losses in the shock wave.

1. INTRODUCTION

Heat release in the supersonic flow near aerodynamic body duentbustion
(“external combustion”) generates additional lateral or longiidherodynamic forces.
In the former case the additional lateral forces can be usembfrolling of a flying
vehicle. We analyse here the latter case, when external coarbisstised for reducing
of the wave resistance and generate the thrust. There arepualications devoted to
this problem, for examplé and in the literature are discussed different applications of
external combustion. For example, in the recent gapsranalysed even a possibility
of using of external combustion in fact as an alternative ofdrarget system (that is
very difficult and expensive in realisation) for significant improeat in reusable
launch vehicle (RLV) earth-to-orbit capability. So estimation lod upper level of
external combustion performance is important not only from fundamdnialalso
applied viewpoints.

In contrast to the ramjet (as well as classical thermgine) we cannot estimate the
upper limit of external combustion efficiency using some idealitedtmodynamic
cycle without losses (in the ramjet thedrydealized processes contains isentropic
stagnation and acceleration of flow in some hypothetical inletnaadle, in the heat
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engine it is the Carnot cycle). The reason is that geaerat the longitudinal force by
heat application is inevitably accompanied by losses of the gogabure that is an
inherent property of external combustion. So there is no correspondiadjzed
thermodynamic process without losses that would be appropriateeésonable
estimation of the upper limit efficiency. That is the reason whyused for estimation
of the efficiency coefficient some idealized inviscid gasdycampitimisation problem
with distributed heat application that nevertheless contains logaesd by it. We find
optimal heat application as a solution of the problem, i.e. heaseeieaot connected
with actual physico-chemical process: mixing of injected &mel air, specific chemical
kinetics, mechanisms of turbulent combustion and so on (so the tertrafipdiaation
seems more appropriate). It cardinally simplifies the problem iangistified for
estimation of the upper efficiency. In this paper we giveetteet solution of the linear
optimization problem and develop an approximate approach to a nonlinearzapomi
problem using an original model of heat application in the strijoaf With zero mass
flux. The optimization problems were widely investigated in nonmegct
aerodynamics, see bodR¥. In our work we generalize some known exact results of
the linear theory for the case of heat application, but for estimaf the upper limit of
the efficiency in the case of nonlinear formulation of the problem we useyngasic
model based on our original idea of heat application in the flow with “zero mass flux”.
In conclusion we notice that we use for estimation of the exteroaibustion
performance the efficiency coefficieny =u_R/Q, instead of the traditional specific

impulsel =R/m, (u, is the flow velocity, R is the thrust due to happlication, Q,
IS the integral heat application per unit of tinm, is the fuel flow rate). We see two

reasons for it:

1. In our analysis there is no fuel injection and thel characteristics are not
controlling parameter of the problem, our resutisaisense are more general.
But using our data it is easy to estimate the $ipeionpulse with the formula
| =npHu/u, if additionally to specify the fuel heating powétu, i.e. I in
contrast tay depends on the fuel used.

2. The efficiency coefficienty (in comparison with the specific impulse) clearly
demonstrates what part of energy “works” in theemxdl combustion engine.
Additionally the velocityu, is one of the main parameters controlling the
performance of the external combustion and it matkes use of7 more

theoretically justified (in contrast to the rockehgine where the specific
impulsel is the main characteristic).

2. AERODYNAMIC FORCE AT SUPERSONIC FLOW PAST A THIN
SYMMETRIC PLANE BODY AT EXTERNAL HEAT APPLICATION

In this section we analyze inviscid aerodynamicghii symmetric plane body with
distributed heat application in streamlined supaicsflow (linear approximation), Fig.
1 and deduce an expression for the longitudinaefgenerated by this flow, Fig. 1.
2.1. Basic equations and their solution

The system of the Euler equations is the following
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o(pu)/ox+0d(pv)/dy=0
pouou/ox+ pvou/dy = —(1/ p)op/ ax

pouov/ox+ pvov/ oy = -1/ p)op/ay (2)
UOH /0x+ pvoH /oy =W (X, Y)
p=oRT

Hereuandv are the velocity componentg, and p are the pressure and density, is
the enthalpyW(x,y) describes the distributed heat application.
We first analyse the case of thin bodies and shealt applicationQ; /c T, <<1 (Q;

is the integral heat applicatio, :”W(x, y)dxdy) when we can linearize this set of
equations using the presentation

pP=p.+tp, P=p, +p, T=T_+T, p=p, +p, U=U, +U, VIV, +V,, (2)

where index(, )denotes small(p,/ p,, <<1, u,/u, <<1 v,/v, <<1 p,/p, <<
disturbances of the flow due to the influence @f blody and the heat application, index
(.,) refers to the undisturbed flow.

Inserting the expressions (2) into the set (1) i@ndring the terms of the second and
higher order of magnitude we have:

P.,0u, /ox+u_0p, /dx+ p, ov,/dy =0 3)
p.u.0u, /9x =-0p,/0Xx, (4)
p.uU.0v,/0x=-0p,/ay, (5)
P.U, (¢, 0T, /9x+u_0u, /0X) =W(X,Y). (6)

The equation of state in the differential formeafinearzation is as follows:
op,/0x=T_Rdp, /0x+ p,ROT, /ox. (7)

Eliminating dp,/0x, 0p,/0x, dT,/0x from the Egs. (3) - (7) we will have after simple
manipulations the resulting equation:

o(u/u,) 0(vifu, _  W(xy)
ox ay ou.cT '

0 ~p "o

MZ-D (8)

Now we show that the flow, which is described wiltiese linear equations, is eddy-
free. EQ. (4) could be integrated over that resultsp, u,u, =—p, + f(y ), where

f(y) =0 that follows from the boundary condition: at— -0 p, =0 andu, = 0.
Hence

LU U =—p;. (9)

From Egs. (5) and (6) it follows thabu,/dy—-0dv,/o0x= @Qe. we have a potential
flow with the potential®d :
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P(Xy) =D (X, y)+P,(X,y), ul/u, =0®, /0x, v,/u, =0P,/0y. (20)
The equation (8) takes the form:

0°®P, 1 9*®, __ 1 Wxy)
x> B oy’ ,8 P.u.C,T,

(11)

where B> =M?2 - 1.

The equation (11) is the inhomogeneous wave emudts solution should be reduced
to a quadrature. The boundary condition on the lsaoface, which is described by the
expressiony = h(x), Fig. 1, is (v/u)|,.,,=h'(X) (gas does not penetrate inside the

body), or after linearization:
(V. /u,) -0 = (0P, /0y) |, =h'(X). (12)

The solution of the equation (11) with the boundeoyndition (12) is a sum of two

solutions: (i) the solution of the homogeneous wagiation with the boundary

condition (12) and (ii) the solution of the inhoneogous wave equation (11) with the
zero boundary conditio@®, /dy)|,_,=0

D, (X, Y) = Pyp(X, y) + Py (X, ). (13)

Taking into account that the flow perturbations,ickhare caused by the body, travel
only downstream, the solution of the homogeneouston is as follows:

Py,(xy) = U B) h(x=£BY). (14)

The solution of the inhomogeneous wave equatiadcbe deduced using the known
reflection method. It is based on the fact that hbandary condition is automatically
valid if we analyze the problem in all space usimgginary heat sources, which are
mirrored from the wall. This solution is as follew

y Xt
1t .. WE
O (9 =5 [ae [ VT an (15)
5

In accordance with Eq. (10)

u _ h(x=-By) 1
u, B 2°p,u,c,T, L EI[W(CZ

oy +WES T+ y)dn

and
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o B jfj[W(f ﬂ +y>—W(£,‘(;3X+y>]dr7-

2.2. An expression for the longitudinal aerodynamic force

In the linear approximation the pressure coieifit C, could be written using Eg.
(9) as follows:

_2Ap=p) 2P _ U
puE  pui U,

Cq

that after expressing the velocity in terms of plgential is the following

e WET x4
c, =2, I ﬁ de. (16)
5B e

Let us denote byg(x” the density of the integral amount of heat relegpsilong the

characteristic arriving to the point with the cdioate x” (it has the angle of inclination
to the axis x equal toy =arcsinM "), Fig.1:

M %o =€
=—= |W(&—2—)dé.
(%) ﬁ_jm(f ﬂ)f

The amount of the heat in the space between tamcteristics arriving in poirt and
x+dx is equal tog(x)dx/M_. The heatQ(x) that is released upstream of the
characteristic arriving in a poink is equal to

Q) == [ae)de.

So the coefficient of the pressure on the bodyaesertan be written as follows

c=aMa2_ A _,N. 2 QY an
B BMpucT. ~ B BpAUCT.

It means that the peculiarity of the solution oé tlinearized equations is that the
pressure in a point on the body surface is cowilotinly by the integral amount of the
heat, which is released on the characteristic iagiin this point, and does not depend
on the distribution of the heat application aldhg characteristic. The final result is
that the drag (or thrust depending on the signpf the body is equal to

2 Xt

RX—’O“ ch b (X)dx
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or taking into account the expression (17) it barpresented as follows:

R, = p°°2°° j (2 (s LOMYy g 118

0 oo ~p "0

In Eqg. (18) x and x, are initial and final coordinates of the bodyg.F.

3. THE BODY PROFILE OPTIMIZATION AT GIVEN HEAT APPLICATION

Actual heat application, which takes place duedmloustion at injection of fuel into
the air flow, is controlled by several physical-gheal processes: molecular-turbulent
mixing, chemical kinetics of used fuel, mechanisofigurbulent combustion. In this
section we assume that heat application is knowhitadoes not depend on the body
profile, i. e. we assume that the given functi@ix) is fixed at the body profile

variations and known. This assumption is theor#yigastified for thin profiles. The
optimization problem formulation is the followingp find the profile h(x) yielding
the minimal wave resistance.

3.1. Formulation of the problem and equations

In this problem we assume that the heat applicatoahd be also upstream of the body.
We introduce the characteristic lendth where takes place complete heat application,

I.e. the functionQ(x) can be presented as follows:

0, X<X,,
Q) =1Q(X), X, X< X, +L, (19)
0, x>x,+L,

In this problem we allow that heat application tenalso upstream of the body and in
the general case takes into account wall friction.
The drag of the body per unit of the body widtlthis following

p°° - j(h( 0+ S ¢ o (20)

0 “eo ~p " oo

whereC; is the coefficient of resistance that is assunodattconstant.

Formulation of the problem is the following: betwe&inctions h(x) describing the
profile of a body with fixed length x, —x, =L and boundary conditions on the
beginning and the end of the bodyh(x ) =h(x,;) =0 we must find such profile that

minimize the integral in Eqg. (20) where Q(x) is cdsed by Eqg. (19). The body can
have additional restriction such as the maximakimess H and the are&:
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S= _fh(x) dx. (21)
X

This problem with the isoperimetric condition (24)equivalent to defining the extreme
of the functional

2 X
R, =—p°2’°° [F o 22]

X

F = hIZ(X) + Q,(X)h,(x)
P u.c, T,
The Euler equation of the optimization problemhis tcase is the following:

where +C, +Ah'(x) where A is the Lagrange multiplier.

A-2hrp+— 2 =g
2p,u,c,T,

and hence after integration

hoo = QWA
2p.u.c.T 4

0~ p "o

+ax+b, 23]

where a and b are constants that is defined from the boundangitions.
In the general case the optimal profix) consists of several arcs described by Eq.
(23). The conditions in the junction points are tbllowing:

A[-h'2(x) + A h(x)] &+ A[2h'(X) +L;()T]dh =0

0 oo ~p " oo

where the symbol A denotes the difference between the values in btack
corresponding to the left and right sides of thguder point. If there is no any
restrictions on the angular points coordinateshasee in this case that

Ah?(x)] =0, A[2h'(x) + L():()_l_] =0. (24)

0 oo ~p "o

If the given thickness of the body is achieved jarection point it would be sufficient
to put the condition

Al*(X)]= 0 (25)

And at last in the case when there are variatidriseocoordinates of the beginning and
the end of the body with respect to the zone oht lagplication, the transversability
condition must be valid. As we assumed thh{x)=h(x,) =0 the transversability

condition is the following:
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[_h'z(xi)-'-cf]d(i _[_h'z(xf )X, =0, (26)

The Lagrange multiplieA is found from the isoperimetric condition (21).

3.2. Optimal profiles and drag in the case&)(x) =0 (without heat application)

We analyze first the optimal profile of the bodyitheut external heat application and
we will compare the aerodynamic drag of this baay the drag of the optimal body
with heat application. For given length and thicknef the body we will analyze
particular cases corresponding to different valoeshe areaS of the isoperimetric
condition. It is more convenient to set the valfidhe Lagrange multiplietA or the
geometric parameters of the body and to defineesponding values of the area, the
body profile and corresponding drag.

a)

b)

Let C, =0 and A =0, the length of the bodyL and the thicknes$l are given.

In this case in accordance with (23) the profilagists of straight lines. From the
transversability condition (26) (as dt =const ox =o,) it follows that

[W(x)]? =[h'(x;)]* and the optimal body in this case is the rhomthwjiven
thickness in the middle of the chord, with the aséthe cross sectionS= 05LH
Pole H’

\/W—lT'
Let us choose such value df that in the section with maximum thickness the
profile would have zero derivative, i. e. in thetsen withh__ =H /2 dh/dx=0.

In this case the optimal profile is described by aurve of the second order (23)

and taking into account (26) we have

2 2
g’ S:EHL’ X:ﬂ&H_.
L 3 3 /M2-1 L

and with the wave resistané¢g, =

h(x) = 2H %(1—%), A=

This smooth profile has the area and the tiratjis 4/3 times larger than has the
body with rhomb profile.

In the case—o <A< —i—lj the optimal body consists of the arcs 1-2, 3-d the

straight line 2-3, and in accordance with (25)ha points 2 and 3 there is no break,
i. e. there is no the derivative discontinuity &f(x) . If point 2 has the coordinate

05¢ where & <<1 the optimal body is described by the formulasg (dody is

oH X a-2), 0<x< 058
symmetrical by x=05L): h(x) = L
%, 05§ <x<05

8H 4 p.uZ H?

- = —é RX_
g2’ S=(d-pHL, 3¢ /M2-1 L

In the casef - 0 the optimal body tend to the rectangle with tides H and L
(i.e.S - HL)andR, - o. It is obvious that this limiting case is puretyrhal as
the linearized theory is not valid here.

and here A=
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d A>0 and S<O5BHL. It is easy to check that in this case
2
oy =2+ (A Ay 0ex<l,
4 L 8 2

3 2 213 2
coHL_ L _ puul (AL+H

=2 Y R M2-1 192 L

We have from the conditioh(x) = 0 that the maximal possible valuk is equal to
A=8H/L. For this value dh/dx=0 in the points x=0 and x=L and
dn/dx=2H/L in the pointx =1/2. In this case the area 8= HL /3 that is the
minimal possible value and the drag of such contady is equal to the drag of the
convex body with smooth profile in the section whére thickness is maximal. In
the caseld >8H /L? the degenerated case takes place when betwees figtnand
4-5 the thickness is equal to zero, i. e. at them&@ < HL/3 the length of the
optimal profile in fact is reduced and it is sitehtbetween the points 2 and 4 so the
linearized theory is not valid as in accordancehwiiite recommendations from the
literature'* the linearized theory is valid whed /L < 0.1.

e) The particular solutions from the items a)-d) dre tlassical solutions of the theory
of optimal aerodynamics formis At fixed length of the optimal body, the prefil
does not depend on friction. But without restristion the body length it is
controlled directly by the coefficient of restrmti C, . In the literature there are

such solutions for the bodies with fixed thicknanrd the area of the cross-section.

).

3.3. Effect of heat application and optimal profiles for differentQ(x).

Now we analyze the case of external combustionu&se and number of arcs
described by Eq. (23) and constituting the optimaifile depend on coordinates of
beginning and end of the heat applicatignand x, +L, as well as by coordinatg,

where the body has the maximum thicknegs) =h ., =H .H@m Eq. (24) written
for the angular pointx, for the casesx, >x, or x, <x,follows that Q'(x,)=0 and
h, (x,) = (x,) . A similar situation takes place in the angulainpox, + L, . But in the
case Q'(x,) # 0 in accordance with Eq. (25) beginning of heat igagibn can be only
in the section x, =x, with the maximal width. Finally the possible op&m
configuration consists of two arcls(x gnd h,(x )corresponding to Eqg. (23) and
containing one angular point ix=Xx,. Now we take a look at the case when
Q'(x,) =Q'(x, +L,) =0 that corresponds to physically reasonable casesnfooth
beginning inx =X, and smooth extinguish irR=x, +L, of combustion. From the set
of equations (27) we can find corresponding to taise unknowrx,, x, and x, and
after this Eq. (22) gives the value of the minim&lg of the optimal body.

h(x)=0, h(x)=,/Ci, hy(x)=0, hy(x,)=,/C,

h (%) =H, hy(x)) =H, h1’2(xo) = h;Z(XO), S= ]Ih(x) dx.

(27)

Fig. 2 demonstrates optimal configurations correslptg to different cases:
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a. heat application begins upstream from the sectieghe maximum thickness;
b. heat application takes place on the back stéen(sof the body;
c. heat application begins in the section of makithéckness of the body.

In conclusion we give several examples that ilatstrthe effect of external heat
application on the drag showing the raRy /R, where R® and R _correspond to

different optimal bodies with and without exterhalat application, but with the same
length and maximal width. In all examples we assilithat Q; = ou,.c,T.,H where Q,

is the summary amount of heat released in all spaeeunit time Q(x)<Q,). Figs.
3A-3C demonstrate profiles of the optimal bodieghe cases different functions of
heat applicationQ(x) together with corresponding values of the ra®p/R . Every
figure present two cases: (a) when the body leagth the extent of the heat application
are equalL,/L =1 and (b) the latter is much shorter/L =1/4. We analyzed linear

function Q(x) ~(x-x,)/L, (Fig. 3A) and two parabolic distribution§(x)with
different signs of the curvature:  Q(X) ~ (x=x,)*/L; and
Q(X) ~ (x=x,)(2L, = x+ xq)/Lf1 (Fig. 3B and Fig. 3C). It is interesting to nokatt in
the casel,/L=1 at positive curvature, Fig. 3B(a) all heat isdufar reduction of the
drag while at negative curvature, Fig. 3C(a) ordyt of it. We see that the curvature
sign of Q(x) qualitatively influence on the optimal body prefil

Results presents in Figs. 3 do not depend on thehMamberM > 1For validity of

the linear approximation first the body width mbstrelatively thinH /L <<1 and (ii)
the body length must be sufficiently long to satigfe condition of small intensity of

heat application a':(,aJmeTw)_ldQ/dX << lasa ~Q/L. So in the contexof the

linear approximation we can increasg, and L keeping H/L=const and at

sufficiently large heat application we will haveetthrust instead of the drag. We here
do not analyze the corresponding efficiency cogdffitas its value does not present the
upper limit of the coefficient following from theariational problem, which optimize
both the body profile and the heat application.

4. OPTIMIZATION OF THE BODY PROFILE AND HEAT APPLICAT ION
AND THE UPPER LIMIT OF THE EXTERNAL COMBUSTION EFFICIENCY

It is obvious that for estimation of the maximakemttiality of external combustion we
must optimize both the body profile and heat agpion. In this section we analyse this
problem in linear approximation, the last sect®névote to a nonlinear formulation.

4.1. Upper limit of the external combustion efficiency. Formulation of theroblem

Our aim was not to solve the variational problerking into account properties of
viscous turbulent gasdynamics and actual physiemratal mechanisms controlling
aerodynamic resistance and heat application, bugstonate an upper limit of the
external combustion efficiency. As it was mentidme the introduction in the case of
external combustion we have no (in contrast todfaamdard ramjet and heat engine)
appropriate ideal cycle, which would be approprfateestimation of upper limit of the
efficiency coefficient and it forces us to form@atnd solve some optimisation
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problem. For estimation of the upper limit of thiiceency we chose an idealized
variational problem, which exclude all aerodynamasistance and losses that are not
connected with external heat application. So wedyarathe configuration shown in
Fig.4, where the heat application takes place ombr the stern (the back part) of the
body, and do not take into account the aerodynampedance of the front part of the
body and viscous friction. We optimize both thefipe of the stern and distribution of
heat applicatioQ(x) using as a target function the maximal thrust laglceve that this
formulation of the problem is adequate to the airthe study.

In our analysis we do not connect the volume healiGation with some particular
mechanism, our results are more general. It isobtiee reason why we express them in
terms of the efficiency coefficiem =u,_R/Q, instead of the traditionally used specific

impulse | =R/m, (R is the thrust due to heat applicatiQg, m, is the fuel flow

rate). Obviously, we can present our results imseof the specific impulse with the
formula | =7Hu/u,, but for this we must specify additionally the Ifineating power
Hu. We notice that our variational problem does notude gasdynamic effects due to
fuel injection. But keeping in mind that the staarnetric coefficients of actual fuels
are large and hence the fuel flow rate is relagigehall, we can apply our estimation to
the case of external combustion. But there is aratihgument to the benefit of using
the efficiency coefficient for engineering estinoais: it clearly demonstrates what part
of heat energy is used in the external combustgme.

4.2. Analysis of the variational problem

In accordance with the expression (18) the lonlgynal force is controlled by the
profile y=h(x) and heat applicatio(x) . It is natural to introduce a limit on the

value of the maximal heat application intensity a .., = (pwuwcme)‘l(dQ/dx)max. In

our case this limit is defined by the condition applicability of the linearized theory
a... <<1l. We assume that the beginning of heat applicatakes place at the

beginning of the back part (the stern profile) tioé body, Fig. 4. We formulate the
optimization problem as it follows, namely, to fimlich two functions: (i)Q(X)

describing the heat application that satisfy thedition 0<Q'<Q/. and (ii) h(x)
describing the profile of the back part of the bedth boundary conditions inx, = 0
and h(x,) =0, which yield maximal efficiency coefficiemp=Ru_/Q; (Q, is the
summary amount of heat released in all space imitatime). It is significant to stress

that we do not assume any additional limitatior (lody thickness, volume and so on)
as they could only reduce this coefficient

The condition0<Q'<Q’ _ is equivalent to the equation

max

Q'()(Quax ~Q'(¥) = F7(x) (28)

where f(x) is a new real-valued function. So the problem rmbximization of the

functional (27) with the differential condition (R8& reduced to maximization of the
functional

c,T

0 o~ p " o

1= [Fawith £ =[0(01? +- L) L0010 (00(Qr - Q) - 1201 (29)
X



V.L. Zimont and E.S. Muhin/External combustion ofitiation

where u(x) is the Lagrange multiplier. Optimal functiomgx), Q(x) and f(x) are
defined from the Euler equation of the variatiopadblem:

Fr-9F =0 F, -2

dx Q_&FQV =O, Ff =O,

which taking into account (20) have the form:

() +—2 X g (30)
PU.C T,

MO @, —2Q' ()] =0, (31)

P.U,c,T, dx

uf=0. (32)

From Eq. (32) it follows that the functio®(x) consists of the arcs corresponding to
#=0 and f =0. Along the former arc withu=0 is valid the strict inequality
0<Q'(X)<Q.,- From Eq. (32) it follows thah'=const and from Eg. (30) it
follows that Q'(x) =const. Along the arcf =0 either Q'(x) =0, or Q'(X) = Q.-

In this case from Eqg. (30) it follows that hereoals'(x) =const. So the optimal
function Q(x) consists in the linear distribution®’(x) and the optimal profile
consist of the straight linel'(x) =const. The conditions in the points of junction are
the following:

A[F - h'F,, —QFo ]+ AF, h+AF, dQ +AF & =0,

alt 209 + 2009 g pace () +— 20 jen+
cT o.u.cT

)4 (0@~ 20X =0,

p.u.c.T

0~ p "o

A

where the symbolA denotes the difference between the values toetthehd right of
the point of breakox, ch, dQ are arbitrary variations of the angular point choate

and the value of)(x) in this point. For arbitrary angular point (as d@ not impose
any limitation on its coordinates) the latter equais equivalent to the set of equations:

a9+ SR o=

0 oo ~p "o

A[2h'(x) + &] =0,
PU,C,T,

) (@ - 2000 = 0.
c.T

0 oo p "o

A

Hence it follows thatAh' =0 and AQ =0, i. e. angular points are impossible and the
optimal heat application has constant inten§ity= const .
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And lastly, if takes place variations a&f and X, (the coordinates of the initial and final
sections of the sternpost of the body) the trarsal®lity condition must be fulfilled:

[(F-hF, -QFy)dx+F,ch+F,X] =0.

This condition written for arbitrary variations df(x), x, and Q(X,) has the form

2+ TN _ gz =0
c,T.

[ee] (o) p [ee]
h(+— 2 g
p.u.c.T

) Q- 2Q1(0) =0,
PLU,C,T,

[

whereh' and Q' describe the optimal inclination of the stern peoand the optimal
heat application intensity. The first two equatiotisfine the Lagrange multiplier
u=-05p u.cT, . Then from the last equation it follows tha®' =Q;

©0~p max ?

= —na The optimal height of the body (stern) is cofiéd by th
meumeTw . The optimal height of the body (stern) is co y the
integral heat applicationH :L and the maximal efficiency coefficient
2p,u,c,T,
depends on the gas adiabatic exponentc,/c,:
2
Mo o (33)

= - —>=__

Eq. (33) presents also the similarity criterionotiodies that are flowed over by gases
with different adiabatic exponents and Mach numbege the same coefficient of
efficiency when

ME L M2

0 = (K, ) a
JMZ-1

(Kl )

2
/—MZZ 1 max *

Fig. 5 demonstrates values gf as a function of the maximum heat application
intensitiesa,,,, for different flow Mach number# , (« = 14).

Our analysis demonstrates that even the optirody thas the wave resistance and
some part of the heat is used to overcome it. Wénee resistance of the optimal body is
equal to

2
R, = FLede fmay (34)

JM2-1 4

(here L =x,; —x is the length of the stern) that is half the éooonnected with heat
application. Without heat application minimal wakesistance is equal to zero and
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corresponding optimal body has zero high (the itdin thin plate), or it is the
Buzeman biplane. So for the Buzeman biplane oummatibn of the efficiency
coefficient gives a two times larger value.

5. NONLINEAR FORMULATION OF THE PROBLEM AND A MODEL OF
HEAT APPLICATION IN THE JET STRAM WITH ZERO MASS FLUX

Our previous results refer to the linear formulataf the problem that is valid in the
case of small heat applicatiom =dQ/ p,u,c,T, dx<< . Eor an estimation of the

efficiency coefficients7, when the linearized theory is not valid, welgra the flow

over the body taking into account strong distmisi and generate the shock wave by
combustion. We take the profile of the body ane tieat application law from the
linearized solution of the optimization problem. Wil analyze the flow shown in Fig.
6 where the heat application is accompanied by d&ion of the shock wave. We
analyse this gasdynamic flow using for an estinmatibthe upper limit of the efficiency
coefficient 7 an original idea in which the heat applicatioket place at constant

pressure in a one-dimensional flow with “zero nilss’.

5.1. A concept of heat application in the flow with “zero mass flux”

Now we present equations and give an exptamaf the “zero mass flux” concept
used for an estimation the upper limit pfLet us consider the one-dimensional flow
with variable cross section and heat applicatibis describe by a set of equations:

dm=d(puF)=0, dl = pdF, md(c,T +Uu?/2) =dQ(x). (35)

Herem and| are the mass and impulse fluxésis the flow area. Whemp(x) = const
Egs. (35) results inu(x) =const, i. e. at isobaric heat application the one-dircara
flow velocity is constant. Simple manipulationslgior this case following expression:

F()=F,+* 29, (36)
Kpu

which shows that area of the one-dimensional fiswontrolled by heat application
(F, is the jet stream area at beginning of heat agpdic andk=c,/c,). In the

limiting caseF, — 0 and the mass fluxn - 0 (the flow with “zero mass flux”). If we
additionally assume that heat application hastemm$ntensityQ'(x) =const, we have
from Eq. (36) thatF(x) ~ x. It means that in analyzed case of the plane fmd

constant heat application intensity the boundargwéen cold and hot gases is the
straight line, Fig. 6. The inclination angle ofateline The algebraic expression for the
inclination angle of streamline of the zero masg flow with respect to a surfacé the
sternis as follows:

_k-1dQ
Kpu dx

1 @
o.u.c T, dx

o ~p oo

or aziitw , Where a= (37)
Pe Ue,

Taking into account Egs. (37) the expressiontfe efficiency coefficient for the
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configuration presented on the Fig. 6 is the foitm:

p= (P& p. =D | _&-1(p(B)/p.-DH  sina 8)
Q K a cos(+ B3)12)

where H is the height of the bodyf is the deviation angle of the flow behind the
shock wave, the pressune and the flow velocityu are controlled by the shock wave,
the angle of the shock wave depends on the hebctaim intensitya .

5.2. Numerical examples

The geometrical parameters, which result in the ximal value 7, were found
numerically for given valuesr. In calculations we assumed that the gas adiabatic
exponent is equal tk=c /c, =14. Fig. 7 demonstrates that at small heat applioatio

the linear theory and nonlinear calculations amesel Fig. 8 presents the optimal
dimensionless heightH =H /L as a function of a. Figs. 9 - 11 show nonlinear
results for n corresponding to different Mach numbers of thewflM_ (for

comparison Fig. 9 contains also the result of theakized theory). The maximal
values ofy (and maximal heat application) correspond to lmgitcondition of the flow

with the attached shock. Fig. 12 shogvsas a function of the flow Max numbex .

It is probably significant for application to ndteat at least in principle the efficiency of
external combustion increases when the flight Mamber grows.

Presented relatively low levels of the upper liofitthe efficiency coefficient indicate
that engineering analyse of the external combustiogine practicability needs very
accurate numerical simulations (and, obviously,eexpental validations). Keeping in
mind this moment we believe that our theoreticauhs have not only a fundamental
value, but also could be of practical use for nredistic understanding of the external
combustion potentiality, which sometimes (espegialpast) was overestimated due to
the absence of the upper limit estimations. Andugfowe do not investigate a
problem of feasibility of the external combustiorgae (the aim was to analyse a more
fundamental aspect of external combustion) in @@ce with our intuitive
understanding of this concept, we believe thatetkternal combustion engine will find
some practical application.

6. CONCLUSIONS

1. We formulated and resolved the optimization problef external heat application
in the linearized formulation, which is valid fthin aerodynamic bodies and small
heat applications, for the plane symmetrical aemadyic body at supersonic flow
velocities We analyzed two isoperimetric variaibproblems using the method of
Lagrange multipliers and found (i) the optimal bgutgfiles at given function of the
heat applicationQ(x)and (ii) both optimal body profileh(x) and optimal heat

applicationQ(x), which yield the upper limit of the efficiencyefficient /7.

2. We analyze the nonlinear optimization problem ie ttontext of a gasdynamic
scheme, which follows from the solution of the finariational problem, and apply
an original model of the heat application in trenflwith zero mass flux.
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3. We interpret our results in term of upper limittbe efficiency coefficient of the
external combustion used for generation of thetletist. Presented numerical
results demonstrate that for small heat applicatidmear and non-linear
formulations of the problem give close results btutarger heat applications the
efficiency becomes significantly lower in the caseonlinear formulation.

4. We believe that estimation of the upper limit opstsonic burning performance has
not only fundamental but also applied importancthanframe of the concept of the
external combustion engine aimed for possible appbtins in the aero-space
systems (in particular for perspective earth-tatadusable launch vehicle) and in
the hypersonic aircraft.
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Fig. 1. lllustration to the linearized problem.
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Fig. 2. Configurations of optimal body profilégx) at different heat application®(x) .
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Fig. 3A. The drag reduction and optimal profilesim¢ar heat applicatio®(X) .
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Fig. 3B. The drag reduction and profiles at par@bQI(x) with positive curvature.
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Fig. 3C. The drag reduction and profiles at parnabQlx) with negative curvature.
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Fig.4. The body configuration to the problem ofrastion of the upper limit efficiency.
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Fig.5. The upper limit of the efficiency coefficiein the context of the linear
optimization problem,d, is the maximal heat application intensity.
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Fig. 6. Gasdynamic scheme for nonlinear formulatibthe problem.
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Fig.7. The efficiency in the context of the linéaeory and nonlinear calculation.
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Fig. 8. Dependence of the width of the optimal bodysummary heat application,
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Fig.9. Dependence of the upper limit of the édficy coefficient on the heat
application intensity, nonlinear calculatiokl,, = . 3
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Fig.10. Dependence of the upper limit of thecsdficy coefficient on the heat
application intensity, nonlinear calculatiokdl,, = . 6
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Fig.11. Dependence of the upper limit of theasdficy coefficient on the heat
application intensity, nonlinear calculatiokdl,, = .10
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Fig.12. Dependence of the upper limit efficiencytioa flight Mach number.



