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Abstract.Parallel versions of the variant of modified incomplete Cholesky conjugate gradient
method are proposed for solving elliptic equations on triangular and tetrahedral grids on MIMD
parallel computers. The construction of parallel methods is based on the use special orderings
of grid points correlated with domain decomposition. The convergence rates of the proposed
parallel methods are examined both theoretically and numerically by analyzing a number of model
problems. It is proved and numerically demonstrated that the number of iterations required for
convergence of the proposed parallel methods is O(VN) for fixed processors number in 2D problems
solved on uniform triangular grids and O(VN) for fixed processors munber in 3D problems solved
on nearly uniform tetrahedral grids, where N is the number of grid points. The increase in the
number of iterations with the number of processors is acceptable for moderate number of processors.
The proposed parallel methods have sufficiently simple algorithm.

1. INTRODUCTION

Elliptic equations are used in mathematical modeling of problems in various fields
of physics and engineering, such as fluid dynamics, radiative gas dynamics, oil pro-
duction, and some problems in microelectronics. Frequently, most of the processing
time required to solve a particular problem is expended on the numerical solution of
an elliptic boundary value problem. The current rapid progress in high-performance
computers with large memory capacity, including multiprocessor systems, makes it
possible to use fine unstructured triangular and tetrahedral grids. In turn, this mo-
tivates the development of fast converging parallel methods for solving systems of
sparse linear algebraic equations with arbitrary coeflicient matrices.

In this paper, we consider the symmetric positive definite system

Ay=f A=Al >0 (1)
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as a triangular or tetrahedral discretization of a boundary value problem on an
arbitrary simply connected domain for the elliptic equation
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with coeflicients y, = ¢y > 0, where a = 1,...,m (m = 2,3 is the space dimension).
The grid is generated by methods"?. Equation (2) is discretized by a finite volume
method? or a finite element method. System (1) should be solved by a preconditioned
conjugate gradient method, such as ICCG(0) (incomplete Cholesky conjugate gradi-
ent, level zero)?, the version of MICCG(0) (modified incomplete Cholesky conjugate
oradient)® originally proposed in the article® (hereinafter referred to as VMICCG),
or the efficient, easily parallelizable methods™®.

In this paper, we propose a finite volume approximation of 3D equation (2)
using piecewise linear interpolating functions. The coeflicient matrix of the resulting
system of equations is symmetric and positive definite. System (1) is solved here
by using VMICCG or VMICCG with regularized preconditioner (on 3D domains).
We propose parallel versions of these methods designed to solve equation (1) on
MIMD parallel computers, based on orderings of grid points correlated with domain
decomposition (Domain Decomposition Ordering, or DDO). The convergence rates
of the proposed parallel methods are examined both theoretically and numerically by
analyzing several model problems. The proposed parallel methods have sufficiently

simple algorithm and are relatively fast converging.

2. DISCRETIZATION METHOD FOR ELLIPTIC BOUNDARY
VALUE PROBLEMS

In this section, we propose a method for discretizing 3D elliptic boundary value
problems on tetrahedral grids. A detailed analysis of discretization on unstructured
triangular grids was presented in®. We consider equation (2) with y; = x (i = 1,2, 3).
To simplify analysis, we assume that the coefficient y is constant and the right-hand
side of (2) is zero. We rewrite the resulting Laplace equation in conservative form,
using x,y, z instead of x, x5, x5 and U instead of w:

) 3] 3] .
—W*r4+ —W¥4+ —W* =0 (3
oz + Ay + 0z k (3)
- oU oU oU .
W= —, —,—|. (4)
Oz’ By’ Oz \*

To discretize this flux equation on an unstructured tetrahedral grid, we approx-
imate U = Uz, y, z) inside each tetrahedron adjacent to a grid vertex as follows:

U= DTU + 44|\“B — TH" + Bl\y — yu" + CLZ — z.;},

where (x, yo, 20) are the coordinates of the vertex and Uy is the corresponding value
of the solution. Setting U = U; at the vertices (x;,y;, 2;) of the tetrahedron (labeled
i=1,2,3), we obtain a system of equations for the unknown coefficients A, B, and
C"

441:.’3] — Tn" + Bty] — y“" + CI:Z[ - Z“} = DT] — Tn
‘AL(B_‘ - :EIJ::' + BI\yZ - yu" + CLZ_J - Zn::' == DT_J — T”

441:.’3;5 — ."Eu} + Bty; - yu} + C'['_z;; — Zu} = DT:i — Up
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The determinant of this system is

Ty — 2Ty Y1 — Yo Z1— 2
Lo — Tp Yo — Yo 29— 2p | = ?I/;etr:
Ty —Tp Yz —UYn 23— 2

where Vi > 0 1s the tetrahedron volume: i.e., the coeflicients of the system are
uniquely determined. Both derivatives inside the tetrahedron and the flux compo-
nents (4) are constant.

oU ou oU

Wéf=—=A WY= =B, W'=—=0C. (
Oz dy Dz L

ot

Figure 1: Grid primitive (tetrahedron) and used designation.

Integrating equation (3) over the barycentric control volume €2 centered at the

vertex (zo, Yo, 20) , we obtain

a a
I Ty Tz . _{ .
/// (—H —yﬂ —|——U )d*rdydz =10

Applyving the divergence theorem, we write

L0 P
il v s 7y 7z _ 7 = =y
///( W W T )d:cdydz //Gm (W,7) ds. (6)

Here, 7 is the outward normal to 99 and dS is an element of surface area. In the
tetrahedron depicted in Fig. 1, Sy is the area of the face opposite to the vertex
labeled 0 (S; is the area of the face opposite to the ith vertex).

The components of the flux W= (A, B,C') can be calculated in terms of normal
vectors to the tetrahedron’s faces and the corresponding face areas:

ou 1 Sy (7. e
W= = =— Gt
= I r
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oU 1 & (e .
W¥=—= _TZS% = y Dz: (7)
dy 3Vietr i |7
ou 1 & (A es)
Ry Tz
W2=——=———3 §-—2U,
0z Jhm i—0 |?'1-g'|
where €,, €, €, are the global coordinate system’s unit basis vectors and |ii;| = 2S; .

Suhh‘rl‘rutlng, these expressions for flux components into (6), we obtain the following
finite volume approximation:

_Z {mmjtﬂﬂ?s”['n“’ -+ W, S“ L - (8)
P & A o

where ST is the set of all tetrahedra adjacent to the vertex labeled 0, the summands
contain the flux components expressed in terms of the values of U at the vertices of
the tetrahedra as (7), Sy is the area of the face opposite to the vertex labeled 0 in
each tetrahedron in STy, and 7, is the corresponding normal.

In the Dirichlet problem, the values of U; at the vertices lying on the domain
boundary are prescribed. In the third boundary value problem, equation (8) written
for a boundary vertex contains the fluxes across the faces of the tetrahedra in S,
belonging to the boundary. In the discretized equation, these fluxes are replaced by
the fluxes determined from boundary conditions of the form

where o is a coefficient and U is a function prescribed on the boundary. The resulting
equation contains additional terms of the form

Collecting the coeflicients of U; at the vertices of the tetrahedra in STy, we obtain a
system of algebraic equations.

The constructed definite operator corresponds to a finite element approximation
operator and so this operator is self-adjoint and positive definite.

When both x and ¢ are piecewise continuous functions, a front-tracking tetra-
hedral grid can be generated and the values of y inside each tetrahedron Ty are
set equal to x = x at the barycenter of the tetrahedron. When equation (2) is
inhomogeneous, the right-hand sides of the algebraic equations in (1) are calculated

Z Je Vi,

TRESTU

el

where fi is calculated at the barvcenter of Tj.

3. VMICCG AND VMICCG WITH REGULARIZED PRECONDI-
TIONER

Equation (1) can be rewritten as

iy — Z ai;y; = fi, i=1,2,...N, (9)
J#i
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where a;; and —a;; with 7 # 7 are the elements of the matrix A. When seeking the
solution to a 2D boundary value problem for equation (2), we assume that

aﬁ—Za,;j 2 ”, 1= 1,2,...,4'?\": Ll”"
i
a;; > 0fori=1,2,...,N,j=1,2,..,N,7 #1i. (11)

Both VMICCG and VMICCG with regularized preconditioner use preconditioned
conjugate gradient algorithms of the form”

'?"fl — 4yl] _ f
for k =0,1,... Buw* = rk,
(o ok
) we,rr) L. ) ! o ke .
Br= —— 2 ik £0,  By=0, pF=uf+ Y (12)
' (wk—1,rk-1) '
(ke ke
(™, r") ! ! ! ! v !
ap=———, Y=y —ayt, = —a At
(p*, Ap*)
where y* is the approximate solution of equation (1) obtained at the kth iteration
step, B is the preconditioner matrix, and (u,v) = Z?’:l u;v; 18 the dot product of the

vectors u and v.
In VMICCG, the preconditioner is

B=(D™'+A7)D(D™! + (47)"),

where A~ is the strictly lower triangular part of A. The elements d; of the diagonal
matrix D are determined by the condition Ae + ADj e = Be, where A is a diagonal
matrix whose elements o; > 0 are small and Dy is the diagonal part of A, e =
(1,1, ..., )T, and are calculated as

d-,;_] =a;(l +0;) — Zai;‘-d}‘,, where d}‘ =d}, Z ;. (13)
k<i ik

To solve system (1) for a 2D problem by the single-processor version of VMICCG,
we use the Cuthill McKee (CM) and reverse Cuthill McKee (RCM) orderings! to
improve the convergence rate of the method.

The parameters o; in (13) are calculated as

max(1—p;,0) ah + a?h?/Q if D k~i ik 7£ U:

si={ (14
a”h?/2 it Sg>i ik = 0, |
or
o J—I-[.;;ff]ah + a?h?/Q if Ypsi @ik 70, (15)
' a?h?/Q it Ypsi @i = 0. !
Here,

pPi = Z aik/ Zaik if Z agr # 0, (16)

k<i k=i k=i
h = /S, Sg is the Dirichlet cell area in the case of a uniform triangular grid,
and h = 4/S/N in the case of an unstructured triangular grid (S is the area of
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the computational domain). The parameter a > 0 is determined by optimizing
the estimated number of iterations required to compute the Dirichlet problem for
Poisson’s equation on the original computational domain discretized into a uniform
triangular grid or domain close to it!!

a = w\l/\/i, with 0 < A, nyS“ < (Ayy,y),

where A, is the coefficient matrix of the system approximating the Dirichlet prob-
lem for Poisson’s equation. Note that A} in (17) can be evaluated asymptotically
by the steepest descent method!'?. Our calculations show that A, and a are very
slowly varying functions of N. Since the number of iterations exhibits a consistent

=
=

dependence on a supported by computations, A\; and a can be evalnated by using a
coarse grid.

When equation (2) is discretized on a tetrahedral grid, the coefficients a;; of
system (9) satisfy conditions (10), but conditions (11) are generally violated. For
this reason, system (1) is solved by VMICCG with regularized pl‘(um(liti(mvr We
represent the matrix A as A = A + A, where the elements a@; and —a;; (j # i) of
the matrix A satisfy the conditions

~Ya; >0 fori=1,2,..,N, (18)
a; >0fori=1,2,..,Nj=1,2 . N,j#i (19)

and the off-diagonal elements —a;; of the matrix A (qu al the positive off-diagonal
vlvll]v;]‘_fs of A, a; = —3 ;4 a;;. Note that A=A >0and A = AT < 0. In
VMICCG with regularized preconditioner,

B=(D™'+A)D(D~" +(A)T),

where A strictly lower triangular part of A. The elements of the diagonal matrix
D are determined by the condition Ae + ADge = Be, where A is a diagonal matrix
whose elements o; > 0 are small and Dy is the diagonal part of A, and are
calculated as
d;' = au(l +07) — Zmdb here  dy, =di > ;. (20)
>k

We calculate o; as

max(1-p0) \p | afh?/Q if 2k>i Tik 7£ 0,

g; = __ f-.P‘z"l-l_J 21)
i Qg2h~)/2 if Yhoi O ), (
or
o — J—P—l-,pﬂlah—ka h? /2 it Spsi@ik # 0, (22)
i a“ h‘)/z it Yhs Qi = 0,
where
pi = Zaﬁk/zaﬂc if ZE—”; #+ 0, (23)
k<i k>i k>i

h = YV, V, 1s the average Dirichlet cell volume in a nearly uniform tetrahedral grid

h h 5 3 5
and h = Y V/N in the case of an unstructured triangular grid (V is the computational
domain volume). The parameter a > 0 1s evalnated in Section 5.
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Vertex ordering in a tetrahedral grid suitable for single-processor computations
is not addressed in this study. The numerical solution of a model problem presented
in the last section was obtained by successfully using the RCM ordering.

To proceed with theoretical analysis, we need the coefficient matrix A, with
elements a; and —a;; (j # ), of the system of equations obtained as an approxima-
tion of equation _2} 1_)(.fn1v liminating the unknowns on the computational domain
boundary.

Lemma 1. Suppose that the matriz A is such that a; = Yzt (1=1,2,...,N)
and, for any grid point labeled kth such that the corresponding stencil has points lying
on the computational domain boundary y, it holds that 3 ;cqk lar;| < 02 jeak d’.kj
where 0 < 6 < 1 is independent of N, QF = {j € ~ : ag; < 0}, QF = {j €1
ap; > 0}. The elements of A satisfy the foifowmg conditions: each row i contams
0 < p; < p positive off-diagonal elements —a; s, (j = 1,...,p;), and there exist m;,
pairs of —a;y, and —ay, s, (n=1,...,m;,, ) such that

Il:.a.i,kﬂa > |a'i_..5ij |,:I /\[a'Sj,kﬂa > |a'i_..5ij |,:I (24}
for each a; s, <0, where 0 < a <m/(4p) and a is independent of N. Then,
BA<A<A, (25)

where 8 = min(1 — 4pa/m, 1 — 6) is independent of N.

Note that the last condition means that if an edge (i,s;) in the graph of A
corresponds to a;s; < 0, then there exist m;s, pairs of edges (i, k,) and (ky, s;)
(n=1,...,m;,,) such that conditions (24) are satisfied. This is the case when each
element nf A contains relatively few positive elements and their absolute values are
not too large.

P r o o fis given here in abridged form. We make use of the formula®

(Ay,y) Z Z ait(Yi — yr) -I-Z ark — Y ki) Yi,

i=1 k=i+1 i#k

valid for any symmetric matrix A, where y # 0 is an arbitrary vector. The assump-
tions of the lemma are used to prove that

‘Z Z‘Hy —Ur)’ <Z Zagy —Yr)” <ZZ @ik (Yi—r)?, (26)

i=1 k=i+1 i=1 k=i+1 i=1 k=i+1
N
(1=6) 2 (@ — > Try)yi < Z (@ — 2 k)i < Z @k — 2 i )y
k=1 J#k J#k i#k

The left-hand part of inequality (26} is proved by using the representation
\2
Za—l ZL—H—I ;. y y;\j 0. J[Zz:] ZL%UJRIZ 87 )UZ (1) k#d Agf:| y yk"l +

Z;J ZL‘EU;‘KH,S; ) a'ik[y Yk ) )? + Z =1 ZAElel ik y Y ) ) ]3

where K(i,s;) = {k # i,s; : (aipa > |ais,|) Nas, ra > |ais,|)}, Z(0) = {k # i :
a;r < 0}. The sums are re rlllrll]“((l and use is made of the fact that each a;. in the

second sum corresponds to no more than p; coeflicients a;; in the third sum and no

more than pg coefficients a;. — ag; in the third sum. This completes the proof.
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Note that the assumptions of Lemma 1 hold in the 3D problem 5 considered in
last section.

4. PARALLEL VERSIONS OF VMICCG AND VMICCG WITH REG-
ULARIZED PRECONDITIONER

To construct VMICCG and VMICCG with regularized preconditioner, the com-
putational domain is decomposed into subdomains containing approximately equal
numbers of grid points and the grid points are reordered. We use grid ordering DDO
tvpe. This approach makes it possible to overcome the principal difficulty of meth-
ods using factored preconditioners, which lies in the recursive calculations required
to invert the preconditioner.

A 2D domain is decomposed either by twice applying a procedure analogous to
parallel dissections for irregular grids!® (Method 1) or by hierarchical graph decom-
position algorithm!® (Method 2). In Method 1 the domain is first decomposed into
p, subdomains, and each subdomain is then decomposed into p, subdomains!!, as
schematized in Fig. 1. This decomposition method is facilitates theoretical analysis
of convergence of parallel methods on uniform triangular grids. In the general case, a
hierarchical graph decomposition algorithim should be employed. 3D domains should
also be decomposed by using hierarchical graph decomposition algorithm. However,
geometric decomposition methods are also applicable.

A
VAV

Figure 2: Decomposition of a triangular computational domain into subdomains by
Method 1 for py = p, = /P = 3.

We use an arbitrary subdomain numbering and define a separator set as follows.
For the kth subdomain, the grid points on its boundaries with subdomains having
higher numbers are considered as separator points; i.e., a grid point on the subdomain
boundary belongs to the separator set if at least one point in the corresponding stencil
belongs to a subdomain with number k, > k.

To reorder the grid points, the grid points (including the separator points) are
first ordered within each subdomain. In 2D computations, the CM or RCM ordering
is employed. For 3D problems, either RCM or some other ordering can also be used.
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When system (1) is solved by VMICCG with regularized preconditioner, the RCM
ordering can be obtained by using the matrix A.

We use the following ordering of grid points!'!. First, the points of grid that do
not belong to separators are placed in the order that was established within each
subdomain. Then, the separator points are placed, starting from the subdomain
with the largest number and following their initial ordering within each subdomain
and the descending order of subdomain numbers.

After the rows and columns of A are permuted according to the grid reordering,
system (1) is replaced h\ the system of equations 4y = f, where A = PAP~',

y = Puy. f = Pf, and P is the permutation matrix’. In the parallel versions of
VMICCG, the )1‘(‘('()llfli‘rinm‘rr« are defined as follows:
B=(D"'"+A")D(D™"+(A")"), (27)

where A~ is the strictly lower triangular part of A. The elements d; of the diagonal
matrix D are determined by the condition Ae—i—GD4e = Be, where G is the diagonal
matrix whose elements are g;, and are calculated by (13) with a;; and —a;; (i # j)
denoting the elements of A. The parameters o; are calculated by using (14), (16) or
(15), (16), where —a;; are the elements of A and a is given by (17). In the parallel
versions of VMICCG with regularized preconditioner, the preconditioners have the
form o o

B=(D"'+A )D(D™'+ (4 )"), (28)
where A is the strictly lower triangular part of A, A = PZP_J The elements d; of
the diagonal matrix D are determined by the condition Ae + OD_e = Be where G
is the diagonal matrix whose elements are ¢;, and are calculated })\' (20) with —a;;
and —@;; (i # j) denoting the elements of A. The parameters o; are calculated by
using (21). (23) or (22), (23), where —@;; are the elements of A. The parameter a is
determined h_\ formulas similar to those used in single-processor version of VMICCG
with regularized preconditioner (see Section H).

Parallel computations of equation (1) using VMICCG and VMICCG with regu-
larized preconditioner are performed as f{)]hm‘s“ First, the values of d; and d} are
calculated at all grid points by following their ordering within each subdomain, with
the exception of the separator points. This procedure does require any use of data
stored in other processors’ memories. The values of d; and d} at separator points are
calculated by the following inner iteration process. First, the values of d! calculated
at the boundary grid points are sent to the processors that handle the neighboring
subdomains with numbers k, < k. Next, d; (and d}) are calculated at the separator
points by following their order within each subdomain if the following conditions
hold simultaneously: (1)d; has not yet been calculated:; (2) the stencil centered at
the éth grid point does not contain separator points with less numbers j, as ordered
within the current subdomain, where d; has not yet been calculated; (3) the stencil
centered at the ith grid point does not contain grid points numbered [ from adjacent
subdomains with k, > k where the values of d; have not been calculated in previous
iterations (i.e., d lmw not been sent). The iterative process is terminated after all
d; are (-ul(-ulnt(.(l for all subdomains. It can be shown that the iterative process is
convergent. In most 2D problems, no more than three iterations are required if N/p
is sufficiently large.

The iterative process of preconditioned conjugate gradient method (12) starts
with inversion of the preconditioner, which consists of two steps. For the parallel
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version of VMICCG, these steps are as follows: (D™'+A~)@* = (Ag*— f), D(D~'+
(A-)T)w* = w*. Analogous steps are performed to invert the 1)1(('()11(11‘(1011(1 B
defined by (28). At the first step of the inversion of B, the order of mlc ulation
of @WF follows that of the diagonal elements d; of D. The calculation of wk at the
second step is performed in reverse order. The values of w* at the boundary points
of all neighboring subdomains must be received from the respective neighboring
processors. Parallelization of the remaining steps of the conjugate gradient method
presents no difficulty.

Note that the amount of data transferred per iteration of the conjugate gradient
method is larger by a factor of approximately 1.5 in the proposed parallel methods
as compared to the parallelized nonpreconditioned conjugate gradient method. The
number of times that data transfer is initialized increases when the inner iteration
process is executed.

5. THEORETICAL ANALYSIS OF CONVERGENCE RATE OF PAR-
ALLEL VERSIONS OF VMICCG AND VMICCG WITH REGULAR-
IZED PRECONDITIONER

It is well known that the number of iterations of preconditioned conjugate gra-
dient method (12) can be estimated as follows”:

n > no = 0.510(2/2)y/ Amaz(B=1A)/Amin(BLA), (29)

where £ is the desired relative error, and Apmaz(B™YA), Anin(B™1A) are the highest
and lowest eigenvalues of the matrix B™'A. Thus, to find estimates for the con-
vergence rates of the mtthmh considered hmv the condition number H(B™'A) =
Amaz( B Ai/)ﬁ.mm ‘B~ 41 of the matrix B~'A must be estimated.

First, we estimate the number of iterations of the parallel version of VMICCG
for 2D model problems. As model problem 1, we consider the Dirichlet problem for
Poisson’s equation on a regular triangle partitioned into a uniform triangular grid.
The domain decomposition is performed by Method 1. CM or RCM ordering of
orid points is used within each subdomain. A theoretical analysis of the convergence
rate of the parallel version of VMICCG With 1':;11‘;1111(5‘“-.1‘5 given by (15) and (16) as
applied to model problem 1 was presented in''. The convergence rate of the parallel
version of VMICCG with parameters given by _14} and (16} is analyzed analogously.

Theorem 1. The number of iterations of the parallel version of VMICCG
(12), (27), (13) with parameters given by (14), (16} or (15), (16) required to compute
model problem 1 satisfies the estimate

n > ng = U.5111£\/ 24 ay(pr,p2) )l + —== ! == {1.51113. 2+ oy(p1, po) \/_
€ av/Sg’ £ a\/_

(30)
where Y (py, pa) = emax(py, pz) = 0 1s independent of N, ¢ = const > 0, and a and
A1 > 0 are determined by (17)

For model problem 1, a theoretical analysis of the convergence rate of the single-
processor version of VMICCG with parameters o; given by (14), (16) or (15), (16) is
performed in a similar manner. Estimate (30) holds, w here ¥ 1s a bounded function
independent of N.
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Consider the Dirichlet problem with zero boundary conditions for Poisson’s equa-
tion on an arbitrary convex simply connected domain partitioned into a uniform
triangular grid. The domain decomposition is performed by any method (say, 1 or
2) so that all subdomains are convex. We refer to this problem as model problem 2.
CM or RCM ordering of grid points is used within each subdomain. A theoretical
analysis of the convergence rate of the parallel version of VMICCG with parameters
given by (15) and (16) as applied to model problem 2 was presented in'!. The con-
vergence rate of the parallel version of VMICCG with parameters given by (14) and
(16) is analyzed analogously.

Theorem?2. The number of iterations of the parallel version of VMICCG (12).,
(27), (13), with parameters gwven by (14), (16) or (15), (16} required to compute
model problem 2 satisfies the estimate

.y - [
n>mny=05In(2/e)/(2+ av(p))(l + —==)

where ’I;E‘[p:l > 0 is a monotonically increasing function independent of N and bounded
for econstant p , and « is giwen by (17).

For model problem 2, a theoretical analysis of the convergence rate of the single-
processor version of VMICCG with parameters o; given by (14), (16) or (15), (16) is
performed in a similar manner. Estimate (31) holds, where ¥ is a bounded function
imdependent of p and N.

According to estimates (30) and (31), the number of iterations required for con-
vergence of VMICCG and parallel version of VMICCG as applied to model problems
1 and 2 is O(In(2/e)v/N) for fixed p or py, p,. Note that estimate (31) is obtained for
an arbitrary domain decomposition. When decomposition is performed by Method
1 or 2, it yields an overestimate.

Consider the Dirichlet problem for equation (2) with variable coefficients y; =
X2 = X such that ¢g < v < @,. Let x be a piecewise continunous function whose
points of discontinuity lie on a finite number of smooth curves. Suppose that both
computational domain and all of its subdomains obtained by decomposition are
convex and simply connected and CM or RCM ordering of grid points is used within
each subdomain and in the entire domain. Then, it can be shown that the number
of iterations required for convergence of VMICCG and parallel version of VMICCG
with parameters (14), (16) or (15), (16) is O(In(2/e)v/N) for fixed p.

Now, we analyze the rate of convergence of the parallel version of VMICCG
with regularized preconditioner. The 3D model problem 3, we consider the Dirichlet
problem with zero boundary conditions for Poisson’s equation on a pyramid. Equa-
tion (2) is discretized on a nearly uniform tetrahedral grid by the method described
in?. We assume that all grid points belong to a set of parallel planes separated by
distances of order O(h). Suppose that the points of the stencil centered at any grid
point 7 lie only in the plane containing the éth grid point and the two neighboring
planes from the set of parallel planes. For every grid point ¢, with the possible ex-
ception of a number of grid points lving in a finite number of planes from the set
of parallel planes, it holds that |ZJ—E_%1- [ Zje-u;; T;;| < Koh? where w]” and w;
are the sets of points of the stencil centered at the éth grid point that lie in two
neighboring parallel planes and kg = const irrespective of N. Note that the number
of such sets of parallel planes differing by the directions of their respective normal
vectors iy, o, .. (|cos(fi,7i;)| # 1, j # i) can be 1, 2, 3, or 4. Suppose that the

matrices A and A of a model problem satisty conditions (25).
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Consider a domain decomposition into p subdomains whose boundaries are par-
allel planes from the set described above or their segments. To simplify analysis, we
assume that all subdomain boundaries belong to the same set of parallel planes.

To estimate )\m,;n['_B_]A}. we assume that the grid orderings within the subdo-
mains satisfy certain conditions that are sufficient and are related to the method of
proof. Suppose that the grid ordering used in the parallel version of VMICCG with
regularized preconditioner is such that

o; = O(h?), for any i & [Uh_, (wp Uwy)] U [UE_ w,] = Q, (32)

where wy 1s the set of grid points on the subdomain boundaries; w;‘l‘ 1s the set of
grid points lying next to the boundary ones; wy is the set of grid points in a plane
(tentatively labeled s) that belongs to a particular set of planes; w, & UY_ (wi Uw}):
and ¢ = const is independent of N. It is possible that Uf_ ,w, = @. Suppose also
that

max(1l — p;,0)
1 + P«;
where 8, = const > 0 is independent of N,
Note that such an ordering can be constructed for model problem 5 (see last

< @,h for any 7 € €2, (33)

section): all grid points are arranged in the order of increasing coordinate x4; then,
the grid points with equal coordinates x3 are arranged in the order of increasing
xy; and finally, the grid points with equal x3 and x; are arranged in the order of
increasing x,. Under this ordering, 6, = 0.

Tt follows from (25) and the equalities A = PAP~" and 4 = PAP~! that
B(Ay,y) < (Ay,y) < (Ay,y), (34)

where y # 0 is an arbitrary vector. To estimate )\,mr[B_lA} ., we need the following
lemma.

L emm a2 If B is the matriz defined by (28) and the diagonal elements of D
are calculated by (20), where o; is given by (21), (23) or (22), (23), then

(Ay,y) < (1+ (ah)™")(By, ), (35)

where y # 0 is an arbitrary vector.
P r o o f is analogous to that of Lemma 2 in''.
Combining inequalities (34) and (35) we obtain (Ay,y) < (1 + (ah)™")(By,y)
and, therefore,

)\mar[B_lA} < 1 + I:Clh:'_]_ l:jb}

To estimate )\mm[B_lA}. we need the following two lemmas.

Lemma 3. Let p; > 0 be a grid function defined on the interior of a tetrahedral
grid that discretizes a simply connected domain G. Suppose that p; is not identically
zero. For any grid function y; defined on this grid in the domain G with boundary ~
such that y; = 0 on -, it holds that

_'i\‘r
> piyi < (maxv;)(Ay,y), (37)
1

i=1

. . L= . = =T
where v; is the solution to the system of equations Av =p, A=A >0, and the

elements of A satisfy conditions (18) and (19).
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P r o o fis analogous to that of Lemma 13 in'? (p.239).

Lemma 4 Let A be the coefficient matriz of an approrimation of model
problem 3 and the elements of A satisfy the conditions @; < ¢ h, @;; > coh, where
¢; = const > 0 and ¢y = const > 0 are independent of h and N, and conditions (18)
and (19). Suppose that the computational domain is decomposed into p subdomains
in one spatial direction, as described above, and conditions (32) and (33) for grid
ordering are satisfied. If B is the matriz defined by (28) and the dza-gonaf elements
of D are calculated by (20}, where o; s given by (21) and (23), then

[’_jﬂfy,y 1+ 0.5a%¢, /A + aci8, /A, + a¥(p)) " By, y), (38)

where Ay > 0 satisfies the inequality
A nyh 4y,y1 (39)

Tr (p) = e [ —1)+ ] (40)

cs, = const > 0 is independent of N, and y # 0 is an arbitrary vector.
P r oo fis given in abridged form, because some of the arguments used are
analogous to those developed in''. Simple rearrangements yield

) " Qs Y b
['_G'Dj}y,y} < [{}.50""—1—0'91jc]h'i[_y,y}—i—Z[Z ah@;y? —1—2 afzauyt]—i—z Z ah@;y?,

k=1 icwy, ""6*';; s=11Ews

where y # 0 is an arbitrary vector. The first summand is estimated by using in-
equality (39). An estimate for 3, ah@;y? is based on Lemma 3, the function v;
has a bounded majorant v; < ¢5, where ¢; = const > 0 is independent of N, and the
maximum principle!? is used. The remaining summands are estimated analogously.

The result is (GDg)y,y) < [0.5a%¢; /A —|—6'lacj/)\l + ot (p)]( Ay,yﬁ where tLpW is

defined by (40). Since the inequality By y) A + GD_ )y, y), proved in'!, also
holds for 3D problems, we obtain (38), which mmph tes th( proof.
Combining (34} with (38), we obtain the inequality

(Ay,y) > B(1 + 0.5a%c, /A + ac\ 0, /A + ot (p)) ™! (By,y),
valid for any y # 0. Hence,
)\171511(3_]4’4} 2 5{1 —f— {}.50'201/)\] —f— G:'Q]C] /)\[ + C}:‘ir‘l\p:l)_l L—ll:‘

Let a be determined by the minimum condition for the coeflicient of 1/h in the
estimate for the condition number H(B~A):

C}::\.I'Q)\]/C], L—lzll

where Ay satisfies condition (39) and ¢; = const > 0 is independent of N. Note that
(39) is equivalent to the condition

Al nyh (Ay.y), (43)
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which is better suited for evaluating A;. Using (29), (36), and (41), we find that the
number of iterations of the parallel version of VMICCG with regularized precondi-
tioner as applied to model problem 3 satisfies the estimate

2 12+6,/a+a(p), 1 2 124+0,/a+a)(p) s .
> no = In =, 2wl ,
n>ny=In . 13 (1+ ahj In B —lﬁa‘W vN. (44)

In summary, we have the following theorem.

Theorem3. The number of iterations of the parallel version of VMICCG with
regqularized preconditioner defined by (12), (28), (20), with o; given by (21) and (23)
, as applied to model problem 3 satisfies estimate (44), where the function ¥ (p) > 0
defined by (40) is independent of h and N; « is determined by (42); A > 0 satisfies
inequality (43); and the constants 61 > 0, 0 < 3 <1, ¢ >0, ¢5 >0, andt >0 are
independent of N.

Note that if the parameters g; in the parallel version of VMICCG with regularized
preconditioner defined by (12), (28), (20) are calculated by (22) and (23), then the
theoretical analysis of the convergence rate is performed analogously.

Note also that the analysis of the convergence rate of the single-processor ver-
sion of VMICCG with regularized preconditioner as applied to model problem 3 is
performed analogously if the grid ordering is such that o; = O(h?) at all grid points
except those in a finite number ¢ (independent of N) of parallel planes belonging to
a particular set of parallel planes and condition (33) is satisfied. Estimate (44) is
valid for p=1.

Numerical results presented below show that Ay is a slowly varying function of
N. Moreover, A, 1s a monotonically increasing function, and therefore so is a. Using
(44), we find that the number of iterations required for convergence of the methods
is O(In(2/¢)v/N) for fixed p.

Note that if the computational domain is decomposed in two or three spatial
directions corresponding to planes from distinct sets of parallel planes, then anal-
ogous estimates for the number of iterations can be obtained, with ¢ = O(,/p) or
¥ = O(Yp).

When a boundary value problem for equation (2) with variable coefficients y
and yo or a problem discretized on an unstructured tetrahedral grid is computed by
VMICCG with regularized preconditioner or its parallel version, a is calculated as
in the Dirichlet problem for Poisson’s equation on the same domain discretized into
a nearly uniform tetrahedral grid.

Consider the Dirichlet problem for equation (2) with coefficients y; = x2 = X,
where ¢; < x < ©; 1s a plecewise continuous functions whose points of discontinuity
lie in a finite number of planes belonging to the sets of planes from the set of parallel
planes described above. The solution is sought on a pyramid discretized into a
nearly uniform tetrahedral grid. Suppose that the grid, the domain decomposition,
and the ordering of grid points satisfy the conditions formulated for model problem
3. Then, the number of iterations of the VMICCG with regularized preconditioner
and its parallel version satisfy estimates analogous to (44); i.e., convergence of these
methods requires a number of iterations of order O(In(2/¢) VN) for fixed p.

6. NUMERICAL RESULTS

Both VMICCG and VMICCG with regularized preconditioner proposed here
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Figure 3: ajResults of calculations of model problem 1. b)Results of calculations of

model problem 2.

were used to solve five model problems having exact solutions. To determine the
number of necessary iterations, computations were continued until the condition
(Ay* — fyF — y) < e2(Ay" — f,y° — y) was fulfilled, where y° = 0 and ¢ = 10~°
for problems 1-4 and ¢ = 107" for problem 5. The computations were performed on
MVS 1000M and MVS 15000 parallel computers.

We solved Dirichlet problems for equation (2} on a regular triangle with vertex
coordinates (-1.-1), (1-1), and (0, v/3 — 1). In problem 1, y; = x» = 1: in problem
2, x1 = x2 = x = 100000, if o > —0.5 and | z; |< 0.25, and x1 = x2 = x =
1 otherwise.

The elliptic equation was discretized on a uniform triangular grid! with N =
8001, 32385. The right-hand side f was such that the exact solution to equation (1)
wasy = 8.2(x; +1.1)(1.1—2 )(z2+1.09). The domain decomposition was performed
by Method 1 (see Section 4), with py = p» = /p. A1 = 26.30 and a = 3.90 were
calculated for N = 8001.

Figures 3 a) and 3 b) show the number of iterations required to solve problems
1 and 2, respectively, as a function of the number of processors for different values
of N. Curves 1 correspond to computations bv the parallel version of VMICCG,
with o; calculated by nsing (14) and (16). Curves 2 correspond to computations by
the parallel version of VMICCG, with o; calculated by using (15) and (16). In all
computations, the number of iterations was approximately proportional to v N and
increased with the number of processors by a factor less than two. The number of
iterations required to solve problem 1 was smaller when o; was calculated by using
(14) and (16). The number of iterations required to solve problem 2 was smaller
when o; was calculated by using (15), (16).

As Problems 3 and 4, we considered the Dirichlet problem for Poisson’s equation
on a unit square. Poisson’s equation was discretized on unstructured triangular grids
progressively refined from periphery to center of the domain, with a refinement ratio
of 5 in problem 3 and 100 in problem 4. The grids were generated by the method
described in'?. Note that the resulting matrix A had a small number of positive
off-diagonal elements. The right-hand side of f was such that the exact solution
to equation (1) was y = 32z1(1 — x1)x2(1 — 22). The computational domain was
decomposed into subdomains by using a hierarchical graph decomposition algorithm.
A1 and a were evaluated for the Dirichlet problem for Poisson’s equation on a uniform
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Figure 4: a)Results of calculations of model problem 3. b)Results of calculations of
model problem 4.

triangular discretization of a nearly square domain with N = 1600: A\, =~ 38.7,
a = 4.73.

Figures 4 a) and 4 b) show the number of iterations required to solve problems
3 and 4, respectively, as a function of the number of processors for several values
of N. Curves 1 correspond to computations by the parallel version of VMICCG,
with o; calculated by using (14) and (16). Curves 2 correspond to computations by
the parallel version of VMICCG, with o; calculated by using (15) and (16). In all
computations, the number of iterations increased with N faster than v'N and was
approximately proportional to N2, where 0.28 < 8 < 0.35. In all computations, the
number of iterations increased with the number of processors by a factor less than
TWo.

The parallel versions of VMICCG with regularized preconditioner proposed in

this study were used to solve problem 5, the 3D Dirichlet problem for Poisson’s

equation on an irregular pyramid with vertices at the points (0,0,0), (2,1,0), (2.-
2,0), (1,0,4). The elliptic equation was discretized on nearly uniform tetrahedral
orids generated by the method described in?, with N = 455, 4495, 39711, 333375.
The right-hand side f was such that the exact solution to equation (1) was y =
r3(8 — dxy — x3)(8xy — 4o + 23) (23 — 42y — 425), Which vanishes on the domain
boundary. The domain was decomposed into subdomains by a geometric method.
For p = 4, the pyramid was cut by the plane x5 = 0.8252 parallel to its base and
the plane defined by the points (0,0,0}, (2,-0.5,0), (1,04}, which contains an edge of
the pyramid and passes through the midpoint of the nonadjacent edge. For p = 8,
the domain was cut by the plane x3 = 0.8252; the plane defined by the points
(0,0,0), (2,-0.5,0), (1,0,4); and the plane defined by the points (1.4142.0.7071,0),
(1.4142,-1.4142,0), (1.0,4). For p = 18, the domain was cut by the planes x5 = 1.227
and z3 = 0.5057; the planes passing through the points (0,0,0), (2,0,0), (1,0.4)
and (0,0,0), (2.-1,0), (1,0,4); and the plane defined by the points (1.4142,0.7071,0),
(1.4142,-1.4142.0), (1,0,4). RCM ordering was used in the entire computational
domain and within each subdomain. Using the steepest descent method, we found
that A} &= 17.68 for N = 455, A\ = 18.58 for N = 4495, A\ = 1941 for N = 39711,
and A /= 22.28 for N = 333375. For problem 5, ¢ = 1.13.

Figure 5 shows the number of iterations required to solve problem 5 as a function
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Figure 5: Results of calculations of model problem 5.

of the number of processors for several values of N. Curves 1 correspond to com-
putations by the parallel version of VMICCG with regularized preconditioner, with
o; calculated by using (21) and (23). Curves 2 correspond to computations with o;
calculated by using (22) and (23). In all computations, the number of iterations was
approximately proportional to v and increased with the number of processors by a
factor less than two. Note that the number of necessary iterations was smaller when
o; was calculated by using (21), (23) as compared to (22), (23). If o; = 0.5a°h? for
all ¢ then the number of iterations does not exhibit asymptotic behavior as a func-
tion of the number of grid points in the parallel version of VMICCG with regularized
preconditioner. It should be noted that solution of problem 5 by the single-processor
version of VMICCG without regularized preconditioner required a similar number
of iterations. However, an attempt of parallelization with parameters o; calculated
by using (14), (16) and (15), (16) even on 8 processors resulted in a rapid increase
in the number of iterations with N.

In summary, we have proposed parallel versions of VMICCG (for 2D problems)
and VMICCG with regularized preconditioner (for 3D problems) based on grid or-
dering of DDO type. Analvzing model problems as examples, we have proved and
numerically demonstrated that the number of iterations required for convergence of
the proposed parallel methods is O(In(2/¢) Vv N) for fixed p in 2D problems solved
on uniform triangular grids and O(In(2/¢) vN) in 3D problems solved on nearly uni-
form tetrahedral erids. The increase in the number of iterations with the number of
processors is acceptable for moderate number of processors. This guarantees good
efficiency of the proposed methods in the case of a moderate number of messages.

This work was supported by the Russian Foundation for Basic Research, project
nos. 05-07-90230 and 06-01-00233.
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